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1. INTORDUCTION
$f:Xarrow X$
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tree graph $\mathrm{m}\mathrm{a}\mathrm{p}_{\text{ }}$ tree $\mathrm{m}\mathrm{a}\mathrm{p}_{\text{ }}$ inter l map
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graph map I J. Llibre M. Misiurewicz([LM, Theorem
$\mathrm{B}])$ tree map X. $\dot{\mathrm{Y}}\mathrm{e}$
1994 } $\llcorner$’ B. Schweizer and J. Smital[SS] distributionally chaos
interval map inter 1 map
distributionally chaos
Theorem 1.1. [SS] Let $f$ : $[0, 1]arrow[0,1]$ be a rnap. Then $f$ has positive topological entropy if
and only if $f$ is distributionally chaotic.
2001 $\mathrm{J}.$ C\’anovas [C] $n$-star $\mathrm{X}_{n}=\{z\in \mathbb{C}|z^{n}\in[0,1]\}(n\in \mathrm{N})$ $f$ T
Theorem 1.2. [C] Let $f$ : $\mathrm{X}_{n}arrow \mathrm{X}_{n}$ be a rnap with periodic point 0. Then $f$ has positive




2. A SURVEY OF SOME DBFINITIONS OF ” CHAOS”
Li ?orke [LY]
1370 2004 7-13
Definition 2.1. Let $\epsilon>0$ . The subset $D\subset X$ with Card(D) $\geq 2$ is an scrarnble set if for each
$x,y\in D$ with $x\neq y$ ,
$\lim_{narrow}\inf_{\infty}d(f^{n}(x), f^{n}(y))=0$ and
$\lim_{narrow}\sup_{\infty}d(f^{n}(x), /^{n}(y))>0$.
A map $f$ is chaotic in the sense of $Li$-Yorke if $f$ has an uncountable scramble set. (this is
an extension of an inessentially modified version of the original definition of Li and Yorke [LY] $)$
A map $f$ is weakly chaotic in the sense of Li- Yorke if $f$ has a scrmble set.
Li-Yorke Li-Yorke $\text{ }$ interval map
Theorem 2.2. [KS] Every weakly chaotic in the sense of $Li$-Yorke is chaotic in $fhe$ sense of
Li-Yorke.
Example 2.3. There exists awealdy chaotic map $f$ : $[0, 1]^{2}arrow$ $[0,1]^{2}$ in the sense of Li-Yorke
which is non-chaotic in the sense of Li-Yorke.
De $\mathrm{n}\mathrm{e}\mathrm{y}$
Definition 2.4. This map $f$ i8 chaotic in the sense of Devaney if
(1) $f$ is topologically transitive, that is, for any non-empty open sets $U$ and $V$ in $X$ , there
exists some non-negative integer $k$ such that $f^{k}(U)\cap V\neq\emptyset$ ,
(2) the set of all periodic points of $f$ is dense in $X$ , and
(3) $f$ has sensitive dependence on initial conditions, Le., there exists a number $\delta>$ Osuch
that for every point $x$ of $X$ and every neighborhood $V$ of $x$ , there exists apoint $y$ of $V$
and anon-negative integer $n$ such that $d(f^{n}(x), f^{n}(y))>\delta$ .
Remark 2.5. [BBCDS] The above conditions (1) and (2) imply the condition (3).
Example 2.6. (1) The tent map $f1$ is chotic in the sense of Devaney and Li-Yorke with
$h(f_{1})=$ log2 $>0.$
(2) There exists an interval map $f_{2}$ with $h(f_{2})>0$ which is Chotic in the sense of Li-Yorke
and is non-chotic in the sense of Devaney.
(3) [Sm] There exists an interval map $f\epsilon$ with $h(f_{3})=0$ which is chotic in the sense of
Li-Yorke and is non-chotic in the sense of Devaney.
Devaney’s chaos
$\underline{\sim\neqarrow}$




Deflnition 3.1. For $x,$ $y\in X$ , let us define the functions $F_{x,y}^{(n)}$ : $\mathbb{R}arrow \mathbb{R}$ by
$aI_{e,\mathrm{y}}^{(n)}$ $(t)$ $= \frac{1}{n}$Card({m|0 $\leq \mathrm{m}\leq \mathrm{n}-1$ and $d$ ( $f^{m}$ (x), $f^{m}(y))<t\}$),
where Card(P) denote the cardinality of a set $P$ .
&mark 3.2.
(1) $0\leq F_{x,y}^{(n)}$ $(t)\leq 1$ .
(2) $F_{x,y}^{(n)}(t)=0$ if for all $t\leq 0$ .
(3) $F_{x,y}^{(n)}(t)=1$ if for all diam(X) $\leq \mathrm{t}$ .




$aF_{e,x}^{(n)}=\epsilon 0$ if for all $x\in X$ and $n\in \mathrm{N}$ .
Definition 3.3. Let us define the upper and lower distribution functions as :





(1) If $\lim_{narrow\infty}d(f^{n}(x), f^{n}(y))=a$ ,
then $F_{x,y}=F_{x,\mathrm{y}}^{*}=\epsilon_{a}$ .
(2) $\epsilon_{\mathrm{d}}$ i (x) $\leq F_{x,y}\leq F_{x}^{*},y\leq\epsilon$0.
Definition 3.5. [SS] The map $f$ is said to be distributionally chaotic if there exist $x,$ $y\in X$
and $t>0$ such that $\sim",{}_{y}\mathrm{C}t$) $>\mathit{1}_{x,y}(t)$
Theorem 1.1 interval map distributionally
chaos A. N. Sharkovsky $\omega$-limit $\mathrm{s}$et
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Theorem 3.6. [FP] There exists a $dist\mathrm{r}\dot{\eta}butionally$ chaotic map $f$ : $[0, 1]^{2}arrow[0,1]^{2}$ snith $h(f)=$
0.
Question 3.7. Is every map $f$ with $h(f)>0$ distributionally chaotic ?
Theorem 3.8. [Ba] There exists a distributionally chaotic map $f$ : $[0, 1]^{2}arrow[0,1]^{2}$ which is
chotic in the sense of Li-Yorke.
distributionally chaos Li-Yorke $\mathrm{A}\mathrm{a}$
4. DEFINITION
Definition 4.1. The map $f$ is said to be turbulent if there exist two arcs $J,$ $K$ with at most
one comrnon point such that $J\cup K\subset f(J)\cap f(K)$ .
Definition 4.2. Let $z$ be a periodic point of $f$ . The unstable set of $z$ is defined to be the set
$W(z, f)=$ {$x\in X|$ for any neighborhood $V$ of $z,$ $x\in f^{k}(V)$ for some $h>0$}.
A point $y$ is homochnic if there exists a point $z\neq y$ such that $f^{n}(z)=z$ for some $n>0$ ,
$y\in W(z, f^{n})$ and $f^{kn}(y)=z$ for some $k>0$ . We say such a point $y$ a homochnic point.
This definition of homoclinic points first appeared in [B1].
Definition 4.3. Apoint $x\in X$ is a $nonwander\dot{\tau}ng$ point for $f$ if for any open set $U$ containing
$x$ there nists $n$ >0such that $f^{n}(U)\cap U\neq\emptyset$ .
Remark 4.4. If $X$ is a closed interval, then $f$ has positive topological entropy if and only if $f$
has a (nonwandering) homoclinic point.
Acircle map has positive topological entropy if and only if it has a nonwandering homoclinic
point. There exists a circle map with homoclinic point and zero topological entropy.
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Example 4.5 (cf.[B2, Example $\mathrm{D}$ , p.229]). We introduce an easy graph map $f$ : $Xarrow X$ . Let






Let us define acontinuous map $g:Xarrow X$ :
$g(re^{2\pi\dot{l}t})=\{$
$e$
2 $\pi$i if $re^{2\pi}\in \mathrm{S}_{-}^{1}:\iota$




We see that $f$ has only two nonwandering points $e^{\pi}e^{2\pi i}:$, and only one periodic point $e^{2\pi}:$ , and
that $f(e^{\pi i})=e^{2\pi*}$
.
and $e^{\pi}:\in W(e^{2\pi*}., f)$ . Hence, $e$” i$\mathrm{s}$ a nonwandering homoclinic point for $f$ .
But [BC, $\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{y}\mathrm{V}\mathrm{I}\mathrm{I}\mathrm{I}7$] implies that $f$ has zero topological entropy.
Deflnition 4.6. We define the $\omega$-limit set of a point $x\in X$ to be the set
$\omega$ (x, $f$ ) $= \bigcap_{m\geq 0}\mathrm{C}1$(U$\mathrm{n}\geq \mathrm{m}\mathrm{f}^{\mathrm{n}}(\mathrm{x})$ ).
$y\in\omega(x, f)$ if and only if $f^{n_{k}}(x)\prec y$ for some subsequence of positive integers $nkarrow\infty$ .
5. MAIN THEOREM
Theorem 5.1. Let $f$ be a continuous map fvom a tree $X$ to itself. The following statements
are equivalent:
(1) $f$ has positive topological entropy.
(2) $f^{n}$ is turbulent for some $n\in \mathrm{N}$ .
(3) $f$ has $a$ (nonwandering) homoclinic point.
(4) $f$ has an infinite $\omega$ -limit set which contains a periodic orbit.
(5) $f$ is distributionally chaotic.
J. Llibre M. Misiurewicz([LM, Theorem $\mathrm{B}]$ ) (1) $(2)\sim(5)$
(4) (1)
interval map
(4) (1) A. N. Sharkovsky
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